Abstract-We study basic principles of the bit-parallel-wavelength (BPW) pulse transmission in multichannel single-mode optical fiber links for high-performance computer networks. We develop a theory of the pulse shepherding effect that allows simultaneous propagation of pulses in parallel bit slots by binding them into a multicomponent BPW soliton. We describe families of the BPW solitons and bifurcation cascades in a system of incoherently coupled nonlinear Schrödinger equations that model the multichannel multiwavelength transmission in a single-mode optical fiber. We demonstrate high robustness of the composite BPW solitons, due to their underlying linear stability, to a moderate pulse walkoff.
I. INTRODUCTION
A GROWING demand for high-speed computer communications requires effective and inexpensive parallel computer interconnects that eliminate bottlenecks caused by parallel-to-serial conversion. Bit-parallel-wavelength (BPW) single-fiber optical links were proposed as possible high-speed computer interconnects for local networks [1] . Functionally, the BPW link is just a single-medium parallel fiber ribbon cable (see Fig. 1, top) . In a conventional ribbon cable, parallel bits coming from a computer bus are transmitted by pulses traveling in separate fibers, thus implementing the so-called space-division-multiplexing (SDM) scheme. In a BPW scheme, all bits are wavelength multiplexed and transmitted by time-aligned pulses, ideally solitons through a single (and single-mode) optical fiber (see Fig. 1, bottom) .
For any bit-parallel optical fiber transmission, the crucial problem is maintaining the alignment of pulses corresponding to parallel bits of the same word. Unlike the fiber ribbon cable, a single-fiber BPW link presents a unique possibility of dynamical control of the pulse alignment by employing the so-called pulse shepherding effect [2] , [3] . This effect arises from the interaction of copropagating pulses through the nonlinear cross-phase-modulation (XPM) effect. In the wavelength-division multiplexed lines, such an interaction is avoided by all possible means as it strongly degrades the bit rate. However, in a bit-parallel transmission scheme it enables for a strong "shepherding" pulse to trap and constrain a sequence of copropagating weaker pulses to their required time slot. Experimentally, the reduction of the misalignment due to the group-velocity mismatch of two pulses in the presence of the shepherding pulse has been observed in a dispersion-shifted Corning fiber [4] , [5] .
In this paper, we develop a rigorous theory of the shepherding effect. We show that due to the XPM interaction of pulses transmitted through the same fiber, they can be treated as fundamental modes of different colors trapped and guided by an effective waveguide induced by the the strong shepherd pulse. As a result, the shepherding pulse and all other (weaker) pulses form a new entity-a multicomponent soliton pulse. The BPW soliton propagates in the fiber preserving the time alignment of its constituents, and thus enables multichannel bit-parallel transmission. For the first time to our knowledge, we analyze multicomponent BPW solitons and describe a mechanism for the growth of the BPW soliton complex via the bifurcation cascades in a model of incoherently coupled nonlinear Schrödinger (NLS) equations. We also discuss the effect of the group-velocity mismatch on the time alignment of the constituents of the multicomponent pulse and present numerical analysis of the linear stability of the BPW pulses in the presence of the walkoff effect.
II. MODEL
To describe the simultaneous transmission of pulses of different wavelengths in a single-mode optical fiber in the absence of the four-wave mixing (FWM), we follow the standard derivation [6] , [7] , and obtain a system of incoherently coupled NLS equations in the coordinate system moving with the group velocity of the central pulse
where For a th pulse, is the slowly varying envelope measured in the units of , where is the incident power carried by the central pulse, is the normalized group velocity dispersion, is the relative group velocity mismatch, and characterizes the nonlinearity strength . The time and propagation distance are measured in units of characteristic pulsewidth ps, and dispersion length km [3] , [4] , [5] . For the operating wavelengths spaced 4-5 nm apart (to avoid the FWM effect), within the band 1530-1560 nm (see [3] , [4] , [5] ), the coefficients and are different but close to one. For the realistic group-velocity difference of less than 5 ps/km [4] , [5] , the mismatch parameter 25. In our analysis, we restrict ourselves to small values of the walkoff parameter, 5, corresponding to the group-velocity difference of 1 ps/km.
The nature of the Kerr nonlinearity described by the NLS equations above gives rise to the concept of soliton-induced waveguiding. Indeed, if two pulses of grossly dissimilar intensity copropagate together, the NLS equations governing the pulse propagation can be linearized around the soliton solution for the stronger pulse alone. The weaker pulse can then be described as a linear guided mode of an effective waveguide induced by the primary soliton [8] . Below, we will demonstrate how the shepherding of multiple pulses can occur due to the simultaneous soliton-induced waveguiding of several fundamental modes. In other words, we will show that the system (1) admits stationary solutions in the form of composite multicomponent BPW solitons which represent a (relatively large) shepherd pulse time-aligned with a number of lower-amplitude guided pulses.
III. STATIONARY SOLITON SOLUTIONS
To find the stationary solutions of (1), we use the following transformation:
, with the amplitudes obeying the following equations:
where the amplitudes, time, and are measured in units of , and , respectively. This transformation removes the walkoff effect from the evolution equations and transfers it into a frequency shift of each individual pulse, which allows us to analyze the physical mechanism for the existence and formation of multicomponent solitons in a more general, walkoff-free case. The more rigorous analysis then follows, in which the stationary moving solutions are found directly in the presence of walkoff. As we will see, the two treatments produce similar results.
System (2) has exact analytical solutions for -coupled components. Exact solution of integrable multicomponent systems in the form of periodic "trains" and solitary waves have been identified for special cases only (see, e.g., [10] , [11] ). Here, we are interested in a particular class of exact solutions of the nonintegrable system of -coupled NLS equations looking for solutions in the form sech sech . Then, we obtain the constraints and a system of -coupled algebraic equations
As long as all modal parameters are close to 1, this solution describes a composite pulse with nearly equal constituents. In the degenerate case , the amplitudes are [9] . Approximate analytical solutions of different types can be obtained in the linear limit [8] , when the central frequency pulse is much larger than other pulses, and the XPM interaction between the latter can be neglected. Lineariziation of (2) for yields an exactly solvable NLS equation, for , and decoupled linear equations, for . Each of the latter possesses a localized solution provided . Near this point, called the bifurcation point, the central soliton pulse (shepherd pulse) can be thought of as inducing an effective waveguide that supports a fundamental mode , with the corresponding cutoff, . Since and are close to 1, the soliton-induced waveguide always supports no more than two different modes (fundamental and the first excited one) of the same wavelength, with largely separated eigenvalues. As a result, the effective waveguide induced by the shepherd pulse stays predominantly single-mode for all operating wavelengths.
IV. FORMATION OF BPW SOLITONS
Let us describe the physical mechanism of the pulse shepherding and formation of BPW solitons in more details. First, we consider the simplest case . If the two pulses, (0) and (1), do not interact, then the uncoupled (2) possess only single-component soliton solutions sech and , with the corresponding normalized powers and . These solutions can be characterized by the power dependencies on the diagram [see curves (0) and (1) in Fig. 2 ]. When the two copropagating pulses interact, a new branch of the two-mode solitons appears (branch A-B in Fig. 2 ). It is characterized by the total power , and it joins the two branches and at the bifurcation points and , respectively. Near the point , the solution consists of a large pulse of the central wavelength that guides a small component of the second field (see Fig. 2, point ) . The point , therefore, coincides with the cutoff for the fundamental mode guided by the effective waveguide induced by the shepherd pulse . Shapes and amplitudes of the soliton components evolve with changing (see the point in Fig. 2 and insert ) . The component disappears at the bifurcation point . Next, we consider more complicated case when a shepherd pulse guides three pulses, , with the modal parameters:
, and . Solitary waves of this four-mode BPW system can be found numerically as localized solutions of (2). Fig. 3 presents the lowest-order families of such localized solutions on the line in the parameter space . If the pulses (1), (2) , and (3), were interacting only with the central pulse but not with each other, then the bifurcation pattern for each of this pulses would be similar to that shown in Fig. 2 . Thin dotted, dashed, and dash-dotted curves in Fig. 3 correspond to the solitons of three independent pulses (1), (2) , and (3), shown with branches of corresponding two-mode solitons of the BPW system with pairwise interactions, , and , respectively (cf. Fig. 2) . In fact, all four pulses interact with each other, and therefore each new constituent added to a multicomponent pulse "feels" the effective potential formed not only by the shepherd pulse but also by all the weaker pulses that are already trapped.
In addition to a composite BPW soliton formed with the shepherding pulse (0), mutual trapping of the pulses (1), (2) , and (3) without the shepherd pulse is possible. As a result, new families of the two-mode and three-mode solutions appear (see marked curves in Fig. 3 ). Branching off from the two-mode solution, the three-mode solutions , involving a small amplitude 0 pulse, appear. This solution branch joins the branch (dotted line in Fig. 3 ) at the point , and in the vicinity of this point the amplitude of the (0) component is much larger than that of the (1) component. Furthermore, the three-mode solutions branch bifurcates at the point and gives birth to the four-mode solution branch (with the end points ). It is on this new branch that the four-mode BPW soliton solutions are found. An example of such a four-wave composite soliton is shown in Fig. 3 (inset) . This solution corresponds to the typical shepherding regime of the BPW transmission for , when the central pulse traps and guides three smaller fundamental-mode pulses on different wavelengths.
On the bifurcation diagram (Fig. 3) , starting from the central pulse branch, the solution family undergoes a cascade of bifurcations:
. On each segment of the corresponding solution branches, different multicomponent pulses are found:
. The values of the modal parameters in Fig. 3 are chosen to provide a clear bifurcation picture, although they correspond to the wavelength spacing that is much larger than the one used in the experiments [4] , [5] , for which
. If the modal parameters are tuned closer to each other, the first two links of the bifurcation cascade tend to disappear. Ultimately, for equal parameters, the bifurcation points and merge at the point , and the four-mode soliton family (thick line in Fig. 3 ) branches off directly from the central pulse branch (0). Then, near the point , the four-mode pulse can be described by the linear theory. The qualitative picture of the bifurcation cascade for described above preserves for other values of .
V. STABILITY OF BPW SOLITONS
The steady-state BPW solitons of (2) are linearly stable [12] . However, the effect of the relative walkoff due to the group-velocity mismatch of the soliton constituents endangers the integrity of a composite soliton and thus the pulse alignment in the BPW links. It is known that, in the case of two solitons of comparable amplitude, nonlinearity can provide an effective trapping mechanism to keep the pulses together [13] , [14] . In the shepherding regime, a multicomponent pulse creates an effective attractive potential, and the -th pulse is trapped if its group velocity is less than the escape velocity of this potential. The threshold value of the walkoff parameter can be estimated as [6] , [7] :
, where is the peak intensity of the component . For instance, for the component of the four-component BPW soliton presented in Fig. 3 (point ) , the estimated threshold is . In reality, all the components of a BPW soliton would have nonzero walkoff, and to study its effect on the composite solitons, below we follow two different approaches. One approach is to study the effect of walk off on the dynamics of solitons found in the absence of the effect (i.e., by using the phase transformation described in Section III). The other approach involves finding stationary walking soliton solutions of (1) directly and then performing their linear stability analysis.
First, we take a BPW soliton, found in the absence of the walkoff effect, and shift the frequencies of its constituents according to the phase transformation that has allowed us to eliminate the walkoff effect in (2) . We then investigate the dynamics of the composite pulse in the presence of walk off by solving the model (1) with the BPW soliton as initial condition. The corresponding numerical simulations are presented in Fig. 4 for . Initially, we launch four pulses as an exact four-mode BPW soliton (see Fig. 3 ) of (2). When this soliton evolves along the fiber length, , in the presence of small to moderate relative walkoff ( for ), its components remain strongly localized and mutually trapped [ Fig. 4(a) and (b) ], whereas it loses more energy into radiation for much larger values of the relative walkoff [ Fig. 4(c) and (d) ]. The former situation is more likely to be realized experimentally as the relative group-velocity mismatch for pulses of different wavelength is different [4] [5] . In this case, the conclusive estimate for the threshold values of can only be given if the shepherd pulse is much stronger than the guided pulses, which are approximately treated as noninteracting fundamental modes of the effective waveguide induced by the shepherd pulse. In all other regimes, a numerical linear stability analysis of the BPW pulses in the presence of walkoff is needed. Fig. 2 ). To investigate the linear stability of the BPW pulses in the presence of large relative walkoff, we analyze the building block of the BPW composite soliton-a two-pulse soliton described by (1) with . The stationary walking solutions of (1) can be found in the form [15] , [16] :
, where we now introduce a moving reference frame, , walking with the pulses, and the functions describe the phase and chirp of each pulse. The result for the two-component BPW soliton is shown in Fig. 5 . As can be seen, the relative walkoff of the components and the overall motion of the BPW soliton with the velocity places the two-mode solution branch toward the smaller values of the nonlinear wave number shift, . The solutions are characterized by the chirp of for the component and for the component. Using the techniques of the linear stability analysis developed for walking vector solitons in Ref. [15] , [16] , we perturb the evolution equations for the moving pulses and around the stationary solutions, and find the Lyapunov eigenvalues, , of the corresponding linear eigenvalue problem. Linear instability is associated with the eigenvalues having purely real or complex values.
The typical eigenvectors of the perturbation for the stationary solutions in the shepherding regime (point in Fig. 5 ) and in the regime of nearly equal amplitudes (point in Fig. 5 ) are shown in Fig. 6 . Remarkably, the associated eigenvalues remain very small and purely imaginary for the whole branch of the moving two-mode solutions.
Additionally, we performed the stability analysis of moving two-mode solutions for the various values of the relative groupvelocity mismatch, . The corresponding bifurcation diagrams are presented in Fig. 7 , and the purely imaginary perturbation eigenvalues found for the three two-mode solution branches between the respective bifurcation points are shown in Fig. 8 . From the results of the linear stability analysis we can conclude that the exceptional dynamical robustness of the BPW solitons to the group-velocity mismatch is expected due to the underlying linear stability of moving constituents. The BPW soliton is therefore likely to survive in the circumstance when the relative group-velocity mismatch between the different constituents greatly exceeds the approximate estimate of the threshold value .
VI. CONCLUSION
We have developed a consistent and comprehensive theory of the multisoliton transmission in bit-parallel-wavelength optical fiber transmission links. First, we have explained the physical origin and the basic physical mechanism of the soliton shepherding effect, earlier observed in numerical simulation of the multichannel pulse transmission. Second, we have demonstrated that the concept of the pulse shepherding and the existence of the multimode composite pulses enable the time alignment of many copropagating optical pulses. Such composite pulses propagate simultaneously in a single-mode optical fiber allowing all bits to be wavelength multiplexed and transmitted by time-aligned pulses, ideally-solitons. At last, we have verified that this concept remains valid even in the presence of a moderate relative group-velocity mismatch between the transmission channels.
Recently, an alternative high-capacity transmission scheme over a single multimode fiber has been proposed [17] . It does not require wavelength multiplexing and utilizes the diversity of the spatial structure of fiber modes. It is an interesting challenge is to apply the analysis presented here to such a multimode transmission system. Elena A. Ostrovskaya received the M.Sc. degree in physics from Moscow State
